The Wolf and the Chicken Solution:
[image: image1.wmf]The sketch below shows the initial problem set-up.  The wolf’s path is shown along with the path of the chicken.  The blue dot on the curve at position x, y shows the position of the wolf at an arbitrary time along with the corresponding position of the chicken, xc.  The point at which the wolf catches the chicken is at xf.
Using this coordinate system, we can determine that the derivative at every point along the curve is
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Where,

y
 is the y-coordinate of the wolf

x 
is the x-coordinate of the wolf

xc 
is the position of the chicken at the time the wolf is at x,y
Since the chicken runs along the x-axis at a speed vc the position of the chicken is given by
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The differential path length of the wolf is given by
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and therefore
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But ds/dt = vw, the speed of the wolf.  Solving equation 3a for dx/dt we obtain
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Now that an expression for dx/dt has been established we can determine a relationship for dy/dt from
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At this point we still have three variables, y, x, and t.  It is desirable to reduce the number of variables to 2.  Therefore, we make the following substitution
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which leads to
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Substituting for dx/dt in equation 6 with equation 4 and rearranging yields (note that now dy/dx can be expressed as -y/w).
[image: image13.wmf]2

1

)

/

(

÷

ø

ö

ç

è

æ

+

=

=

dx

dy

v

dx

dy

dt

dx

dx

dy

dt

dy

w



(8)

We can obtain a single differential equation by dividing equation 5 by equation 8, which gives
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Where  is vw/vc
Equation 9 is not separable.  By making the substitution V = y/w, we can transform into a separable one by:
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Applying this substitution and gives
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This can be expressed as
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All but the first integral are easily solved.  To solve the first term we can make the following substitution
Let V = tan()

dV = sec2() d
So that the first term becomes
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which reduces to
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So, plugging this into equation 11 gives
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In order to determine the integration constant C1 we apply the condition that at w = 0, y = y0.  Doing so gives the following value for C1
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Rewriting equation 13 we obtain
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Solving equation 15 for (-y/w) yields
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(16)
Where 
Since, -y/w = dy/dx we can substitute this relationship into eq. 16 and solve the corresponding differential equation to get a direct relationship between x and y.
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Applying the condition that when x = 0, y = y0 we find that C2 is
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Substituting for C2 back into equation 17 and applying the condition that when y = 0, x = xf we can obtain the solution to our problem.  Doing this we find that
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Which is just –C2.
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