Dividing a circle into equal areas
We want to divide a circle into 9 areas, which are as much as possible equal in area.

Below is a sketch of the situation, the circle has a radius of 32 (not shown in the image). The blue areas (called A1) are all equal, and the green areas (called A2) are all equal. The remaining red area (called A3) is simply a square.
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The problem is now to find the separation d for which all areas are equal as much as possible. While it is impossible to make all areas exactly equal, we can find a d for which they are as close as you can possibly get.

The techniques used involve some calculus (integration in particular) so I hope you at least know a little integration.

Note that most calculations are done using Maple, a computer maths program. You can probably do it by hand aswell but it will get quite hard…

Let’s start by calculating what the area of one subarea would be if all 9 subareas were exactly equal. Because the area of a circle is just 
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, the area of one subarea is simply this divided by 9. Let’s call this area M.
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Note again that there is no separation d for which this area is possible.

To find the optimal result for the separation d, we can first try to find the areas of each subarea separately, in terms of d, and then minimizing their deviation.

So let’s continue by calculating the area of each subarea.

The calculations of A1 and A2 are done on the topmost area 2, and the top-right area 1.
Recall from calculus that the area under a graph of the function 
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where 
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 denotes the anti-derivative of 
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The graph of (the top-half of) a circle with radius r is 
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The area A1 is the area under the graph of 
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. The d/2 is subtracted from the circle to translate it downwards, to make sure we are not counting bits of area 2!

The area should be calculated from 
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, so the integral we get is:
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The area A2 is also the area under the circle with a subtraction of d/2, only this time calculated from 
[image: image13.wmf]2

d

x

=-

to
[image: image14.wmf]2

d

x

=

, so the integral is:
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Finally, the area A3 is just a square so:




[image: image16.wmf]2

3

Ad

=


We now have the three different areas, all as functions of d, so now we can calculate the optimal value for d!

To minimize the deviation between the three areas, we can minimize the difference between each area and the optimal area M. To make sure the difference is not negative, we take the square of this difference.

We get the following function to minimize for d:
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The graph of this function, graphed from 0 to 32, looks like this:
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Obviously, there is a minimum value d for which the deviation of the three areas is at a minimum. This occurs around d = 16.

To calculate this value for d exactly, we can differentiate 
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 and equal this to zero (recall finding extreme values): 
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(The expression is too ugly to write out, sorry…)

Using Maple to numerically solve this for d, I found a value of:


d = 16.559
3

_1273165614.unknown

_1273166032.unknown

_1273166317.unknown

_1273166460.psd

_1273166541.unknown

_1273166569.unknown

_1273166320.unknown

_1273166067.unknown

_1273166207.unknown

_1273166043.unknown

_1273165742.unknown

_1273165754.unknown

_1273165708.unknown

_1273165290.unknown

_1273165363.unknown

_1273165570.unknown

_1273165349.unknown

_1273165074.unknown

_1273165250.unknown

_1273165264.unknown

_1273165029.unknown

